ON THE BOUNDARY BEHAVIOR OF A CONFORMAL MAP

BY
J. L. WALSH AND L. ROSENFELD

The object of this paper is to indicate the immediate usefulness of Cara-
théodory’s theory of the conformal mapping of variable regions in the study
of boundary behavior of a fixed but arbitrary conformal map. We study
especially the mapping of an infinite strip and its behavior at infinity.

Studies of an infinite strip by other methods have previously been made,
especially by Ahlfors, Ferrand, Ostrowski, and Warschawski; for a résumé
see Gattegno and Ostrowski [6]. The present results are more directly geo-
metric than these previous ones in both method and conclusion; broadly
speaking, they are in some respects more and in other respects less general
than the previous ones.

The theory of conformal mapping of variable regions introduced by
Carathéodory in 1912 was employed by Montel in 1917 to study the proper-
ties of prime ends under conformal mapping. That theory has more recently
been used in the study of boundary behavior of conformal maps by Ferrand
[7; 8], emphasized by Walsh [2], and used for the study of strips by Madame
Lelong-Ferrand [3]. The essential difference between the latter and the pres-
ent paper is that here we consistently use both translation and stretching of
the original region to obtain a sequence of variable regions possessing a
kernel, whereas Madame Lelong-Ferrand uses primarily translation. The
present results are thus more general, both where the width of the strip (the
variable 2¢(u), in the notation of §2 below) has an infinite number of limit
values, and more especially where that limit is zero or infinite.

We introduce a new condition (property B, below) on the boundary of
an infinite strip, which is useful in the study of conformal mapping of the
strip. The intrinsic properties of this condition are studied in §1, and appli-
cations to conformal mapping in successively more general situations are
considered in §§2-5. The extension of property B and its implications for
finite boundary points are studied in §6, and the relation of property B to
various other conditions on the boundary of an infinite strip is investigated
in §7.

Property B is exhibited as a sufficient (but not necessary) condition for
the fundamental asymptotic relations, such as (2.1), a less restrictive condi-
tion than that for an L-strip.

1. Property B. If ¢(u) is a real function of the real variable u defined for
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m=u<+oo(—o=Suy <+ ) and if we have uniformly in every interval I:
| U| < U, the equation

(1.1) i PLUB) + 8] _
uto ()

then d(u) is said to have property B (at infinity). We do not require that ¢(%)
be single-valued, but do require that (1.1) hold for any choice of values of
¢(u). It will appear from our use of (1.1) that the same value ¢(%) should be
used in the denominator and inside the square bracket in the numerator. But
an arbitrary value of ¢ [U¢(u)+u] may be used, even in the case U=0. In
particular, we deduce

1,

max ¢(%)
m ———— = ?
u—+» min ¢(u)
where the maximum and minimum are taken over ¢ (%) for each fixed «.

When we add (or subtract) two multiple-valued functions of this kind,
we add (or subtract) all functional values for each value of the independent
variable.

Property B is the fundamental requirement that we impose on the bound-
ary of an infinite strip. We now develop for reference some easily proved
intrinsic consequences of the definition, without reference to conformal map-
ping. We retain the notation used in the definition.

TuEOREM 1.1. If ¢(u) has property B at infinity, and if a(u, t) defined for
UuD>ur, LoStSth (— o Sty<h < ©), has the property
a(u,t) — u

é(w)

uZu,lhStsh,

then we have

$la(w, 9] _ )

lim
urte  G(%)
uniformly for all t, Lyt <t.
We set
(1.2) a(u, t) = B(u, t)p(u) + u,

whence | B(u, t)| < M for = wu, to<t<t. Thus we have
¢la(u, )]  ¢[B(n, Dé(u) + u]
= )
é(u) é(u)

and the theorem follows from (1.1).
The proof of Theorem 1.2 is similar to the proof just given and is omitted:

(1.3)
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THEOREM 1.2. If ¢(u) has property B at infinity, and if u,——+ o, u\—+
with

’

&(un)

lim sup < o,

n—ro

then we have
lim
n—o ¢(u,. )

It can be verified immediately that the function ¢ (%) =u/2 has property
B at infinity. Nevertheless, that property limits the order of ¢(%) as u—+ o :

TaEOREM 1.3. If ¢(u) has property B at infinity, then
lim ¢(%)/u = 0.

Y—>0

If this conclusion is false, there exists a sequence #,—  such that

Un

1.4 li
( ) ”'U‘J: ¢(un)

with l)\l < o, Of course we have ¢(%,)—+ o, whence by (1.4) and (1.1)

(1.5) lim o[ ((a — %a)/d(1a)) $(t40) + 100 ] -1

L anded 4’(“»)
where the constant a is arbitrary. The numerator in the first member of (1.5)
reduces to ¢(a), so ¢(u) is identically constant (not zero, by (1.1)), in contra-
diction to (1.4).

THEOREM 1.4. If ¢(u) has property B at infinity and if Y(u) is a real func-
tion of u defined for u=wu,, which satisfies

(1.6) lim ¥(4)/¢(u) = 1,

u—+o

then Y(u) has property B at infinity.

It follows from (1.6) and from Theorem 1.3 that ¥(u)/u—0 as u— .
Then for Uin I: | U| £ U, we have uniformly
U(u) + u = u(UE-l- 1)—>+ ©.

We write

VIUYw) + 4] _ ¢[U¥@) + u] [UWW)/6)e(w) + 4] o(v)
¥(u) ol + 4] &(u) ON

1.7
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the first factor in the second member approaches unity as u—-+ « by (1.6)
because the common argument of ¥ and ¢ becomes infinite. Thus each factor
in the second member of (1.7) approaches unity uniformly for U in I, and the
theorem is established.

It is clear from (1.1) that if ¢ (%) has property B at infinity and if the con-
stant A(5£0) is arbitrary, then A@(%) has property B at infinity. From this
remark and Theorem 1.4 we have

TuEOREM 1.5. Theorem 1.4 remains valid if (1.6) is replaced by
(1.8) lim Y(u)/p(u) =\ 0.

y—+
Theorem 1.5 cannot be strengthened merely by replacing (1.8) by
é(u)
¥(%)

as the reader may show from the counter-example ¢(x) =1,y (») =1+2"1sin u.
Property B persists under addition, if an auxiliary condition is provided:

THEOREM 1.6. If ¢1(u) and ¢.(u) have property B at infinity, and if we
have for u =u,

(1.9) 0<a=¢i(w)/p2(w) Sb< oo,
then ¢(u) =1 (u) +¢2(u) has property B at infinity.
Theorem 1.6 follows from the identity
¢[Usp(u) + u] —1= [oa() — 1]ea(w)/do(26) + as(u) — 1 ,

0<as= Sb< w, u = u,

o(u) 1+ ¢1(4)/b2(u)
_ (U + Uga(w)/$1(w))$1(w) + u]
al(u) = ]
¢1(u)
_ 6a[(U + Upr(w)/da(w))po() + 1]
as(u) = )
$2(u)

where a;(#)—1 and az(#)—1 uniformly for U in I.

Since we have not required singlevaluedness of a function in order that it
have property B, it may occur in Theorem 1.6 that the locus v =¢: (%) +¢2(%)
separates the plane even when neither of the loci v=¢:(x) and v=s(u)
separates the plane. For instance, suppose in the interval Io: |u| <2 the func-
tion ¢;(u) consists of v=1 together with the segment of the line v=1+u,
0=<u=1, and ¢:(u) in I, consists of v=1 together with the segment of the
line v=2—u, 0S4 <1. Then ¢:(%)+¢2() consists of =2, the two line seg-
ments ¥=2+4u and v=3—u, 0<u =<1, and also the segment v=3, 0=u=1.
This ambiguity leads to no difficulty, by virtue of our convention that such
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relations as (1.1) and (1.9) hold for all choices of functional values.

The locus v=¢(u), — o Sug<u<+ =, is said to have a horizontal L-
tangent (at infinity) if we have (u;— 0, 43— )
¢(u2) — ¢(u1)
—_—

U — Uy

(1.10) 0.

It follows that ¢(x)/u—0 as u— o, for if u, is any sequence (#,— ) for
which @(u,.)/u. approaches a limit finite or infinite we have by (1.10)

[ $10) /142 — ¢<u>/un] o)

lim
% —o 1 - u/u,. u,—~o Uy

0 = lim

*— o

If v=¢(u) has a horizontal L-tangent at infinity, then ¢(u) has property B at
infinity, for with O<| UI < Uy and ug = U¢(%1) +u; we have by (1.10)

¢[Ug(w1) + w] — ¢(w)
U -
Ug(u,)
uniformly with respect to U since #;— « implies #;— © uniformly; of course
U=0in (1.1) is trivial.

2. Symmetric infinite strips. We turn now to our main purpose, study of
the conformal mapping of infinite strips. Symmetric strips illustrate the
method in its simplest form, and are important as a preliminary topic. We
postpone detailed references to the literature until the more general results
are established.

0

THEOREM 2.1. Let S be a simply connected region of the w(=u-1iv)-plane
which contains the segment uy<u of the axis of reals and is symmetric in the
axis of reals. Let the boundary of S in the half-plane u, <u consist of the two loci
v=0¢(u), v=—a(u), where ¢(u) =0 and has property B at infinity. Let w=71(2)
=u(2) +1v(2) map the infinite strip Z: |y| <w/2 of the 2(=x-1iy)-plane onto S
in such a way that f(z) is real when z is real and lim, ., u(x+iy) ==+ . Then
if xn is any sequence of real numbers with x,— -+ «, we have

o ¢[u(x,‘)] T

for zin Z, uniformly on any closed bounded subset of =.

We suppose here and in similar cases below that the region S is actually
a strip, in the sense that each point w=u-+14v of S lies interior to a vertical
finite line segment bounded by some point of each of the loci v= +¢(x). The
purpose of this hypothesis is to exclude such a region as the w-plane slit
along the two infinite segments >0, v= %1, even such a slit region, how-
ever, can be treated by our methods with little or no modification.

The function f(2) is uniquely determined except for an arbitrary horizontal
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translation of ¥, namely 2’ =z—a where «a is real. We introduce the notation

2 n) — n,
(2.2) fa(2) = ua(2) + iv.(2) = fGat &) — J(x) ) w, = f(x,).
¢ [u(x.)]

Since w=f(z+x,) maps 2 onto S, the transformation w’' =f(z+x.) —f(xs)
maps 2 onto S, , namely S horizontally translated so that w, in S becomes
@’ =0 in S,/ . The denominator in (2.2) has the property of changing the size
but not the orientation of S, (leaving the origin fixed) so that the boundary
of the new image S, of 2 under the transformation W= U4-1V =f.(s) passes
through the point W=1. We prove that the kernel of the regions S» in the sense
of Carathéodory consists of the strip | V| <1.

If we set w, =f(xs) =%u(x,) +v(x,), the strip S,/ in the plane of w’ ="+’
is bounded by the curves whose ordinates are v’ = +¢[u’+u(x,)], respec-
tively. We now set W=uw'/¢[u(x,)], V=0'/¢p[u(x,)], U=u'/¢[u(x.)], so S.
is bounded by the curves whose ordinates are

V== ¢ [Up[u(xs)] + u(xa)]/o[0(xn)].

Since by (1.1) these ordinates approach the respective values V= +1 uni-
formly on every interval | U| < U, it follows that any region | V| <1—3,
| U ] < Uy, 6>0, lies in all S, for # sufficiently large; but no region containing
both W =0 and a point exterior to | V| <1 lies in all S, for # sufficiently large.
Consequently the regions .S, converge to the kernel | V| <1. Equation (2.1)
now follows by Carathéodory’s results, for we have f,(0) =0, £ (0)>0.

Theorem 2.1 has various applications:

THEOREM 2.2. With the hypolhesis of Theorem 2.1 let 2.,=x.+1y. and
%4 =Xn +1ya be two sequences of points in T such that |y,.| <a<w/2, |y,.' ] <a
<m/2, lx,.—x,.'l <b< w. Then we have

¢lu(z)]

2.3) im ————— =1,
( e o)
. [f(Gn) — flz) 2
(2.4) lim [———— — = (2 — z,.')] =0.
n—wo ] [u(zn) ] m
Substitution z=1y, in an equation equivalent to (2.1) yields
. [f(za) — f(xa) 20
(2.5) lim [——-— ,.] =0,
ool Slu(z)] 7
and the corresponding equation for z, is
. [fz) — f(xa) 2i
(2.6) hm[———— ,.’]=0;
oL plu(zl)] 7
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substitution z=x, —x, in an equation equivalent to (2.1) yields

w(xa) — w(xa) 2 _ _
[mr 7= -]

The real part of the first member of (2.5) is

(2.7) lim

n—o

u(zn) - u(xn)
lim —— =
e lu(x)]
Theorem 1.2 in conjunction with (2.8) and (2.7) respectively yields
¢[u(zn)] _ olu()]
m —--
v Blu(z)]  wom Bla(md)]

and we similarly have

(2.8)

. oluG)]
lim ——— =
ne ¢[u(x])]
Equation (2.3) is now immediate, and (2.4) is a consequence of (2.5), (2.6),
2.7.
A consequence of (2.1) or (2.4) is especially significant geometrically; in
(2.5) we suppose y,—y, |on <w/2, whence
. (za) 20
lim — = —;
noo $lu(za)] 7
the ratio of the ordinates y, and 7/2 approaches the same limit as the ratio
of the corresponding ordinates in the w-plane. By way of a converse, we prove

(2.9)

THEOREM 2.3. With the hypothesis of Theorem 2.1 let v be a curve in S
defined for u>u, by the equation v=y(u), with lim,_ ., Y(u)/dp(u)=\. If T is
the image in the z-plane of v, we have on T

A
(2.10) lim y = %

We suppose first |\| <1, and choose 8(>0) so that |\ +38| <1. Denote by
T'\ys and T'\_; the lines y=mw(\+35)/2 and y=7w(\—8)/2, respectively, and by
Yr+s and y_; their images in the w-plane. By (2.9) we have for z on I'\ys

(2.11) lim — 45

e plu(z)] T
respectively. For u sufficiently large it follows from (2.11) that v lies between
Yr+s and vy, so it follows from the topological properties of the conformal
map that for « (or x) sufficiently large, T lies between T'\;; and I'y—, which is
equivalent to (2.10).
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3. Nonsymmetric strips. Theorem 2.1 is to be regarded as preliminary;
we shall prove several analogues under varying hypotheses which apply to
strips not necessarily symmetric.

THEOREM 3.1. Let S be an infinite simply connected strip in the w(=u-+1v)-
plane which contains the segment u>wui, v=0, and whose boundaries can be
represented in the form v=¢,.(u) and v=¢_(u), with ¢.(u)>0, ¢_(u)<0,
limy. ¢ (%) /() =N, where d.(u) and ¢_(u) are not necessarily single valued.
Suppose 0(u)=¢.(u) —¢p_(u) has property B at infinity. Let w=f(z) =u(2)
+iv(z) map the infinite strip 2,: |y| <m/2 onto S so that lim,., u(z) =+ .
Then if xa is any sequence of real points with x,— -+ «, we have

fz + xa) — f(xa) _ =z

S ’}-1{2 0u(x,)] -

throughout =, uniformly on any closed bounded subset of Z,.

The case A\=— « is treated by interchanging the roles of ¢;(%) and
¢_(u), whence we have A=0. The case A=0 is to be treated separately by
special methods later, so for the present we assume 0 >A> — .

From the conditions on ¢,(#) and ¢_(%) we have

lim M =1-—2,
urteo é+(u)
and from Theorem 1.5 it follows that ¢, (%) has property B; similarly it
follows that ¢_(u) has property B.
For each u sufficiently large we have min 6(x) > max ¢, (). Indeed, we note

min 6(u) B min ¢4(%) _ max o_(u) )

max ¢4() max ¢y(4) max ¢y(u)

the first term of the second member approaches unity and the second term
approaches —\ as # becomes infinite. Similarly we have for # sufficiently
large min 6(%) > —min ¢_(u).

The asymptotic behavior of f(z) depends only on the behavior of the
boundary of S in the neighborhood of z= =, so it is no essential loss of
generality to assume, as we do, the relation min 0(x) >max ¢ (u) for all u for
which 0(u) is defined.

Denote by S* the infinite strip in the w-plane which contains S and whose
boundaries are contained in the loci v=+60(x). The locus v=+6(u), where
all allowable values of ¢,(x) and ¢_(u) are admitted in the equation 6(x)
=¢,(u) —¢_(u), may separate the plane into even an infinite number of
regions. One such region contains S and is denoted by S*. Let Z; in the
¢(=&41n)-plane be the strip lnl <w/2, and let w=g({) map Z; onto S* so
that £ =+ o corresponds to u =+ . Denote by v, and y_ the loci n=7.(£)
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and n=79_(£), namely the respective images in the {-plane of the loci v =¢.. ()
and v=¢_(u). By Theorem 2.3 we have

. 1 = Ao
(3.2) :lm 14(8) = —— — hm () =—— —

1—x 2 1 -2 2
Let @ denote the image of S in the {-plane under the map w=g(¢{), and
let finally

(3.3) = —log(1—y), s =0+ i,
where 2z is real when s is real, and
3.4) ¢=—log (1 -1,

where { is real when ¢ is real. The transformation (3.3) maps Z, onto the
half-plane ¢ <1, and it follows from (3.2) that (3.4) maps & onto a region in
the ¢-plane whose boundary has an angle n/2 at t=1 and which contains
some interval £; <t<1, t; <1.

Let x, be an arbitrary sequence of real points in the z-plane with x,—+ «,
and set s, =5(%s), Wan=Ff(%n), $n=En+inn=C(Wn), tn=1({x). It is well known
(Lindeléf) that in the transformation from the ¢-plane to the s-plane angles
are transformed proportionally, so we have from (3.4) and (3.2)

14N =

3.5 Iimg, = — limarg(1—-¢,) = —— —
(3.5) lim Jim g ( ) 1= 2

From (3.5) and Theorem 2.3, we have

v($) 11+
m =-— ——
n— o 0[14({,,)] 21—

which with a slight change of notation is written
v(x,) 1 142

3-6) nl—no O[u(x,.)] 21—

We proceed further using the method of proof of Theorem 2.1, by setting
here

fiz + xn) S(%2) .
olu(zn)]
the denominator here is not the same as in (2.2) ; moreover in (2.2) the num-

ber f(x») is real but not necessarily so in (3.7); in (2.2) we have f.(0) >0 but
not necessarily in (3.7). We write

dw_ dw d¢ dt ds_ 2 (O — -1 (),
ds v di ds dz % e

3.7 W=U-+iV = fu(s) =
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(3.8) arg f'(xa) = arg g'({a) — arg (1 — £) + arg #(sa).

Theorem 2.1 applies to the map w=g({), so from differentiation of (2.1) we
have arg g’({»)—0. From this fact and Visser’s formula (see for instance
[2, equation (8)]) we deduce by (3.8) that arg f’(x,)—0. Then by (3.6) the
image of S under the sequence of transformations (3.7) consists of a sequence
of regions converging to a kernel, precisely the infinite strip [V| <1/2.
Equation (3.1) follows by the Carathéodory theory.

We treat now the case A=0, hitherto excluded. From the assumption
¢—(u) /P, (u)—0 it follows that for each u sufficiently large we have min ¢, ()
>max [—¢_(u)]; since the asymptotic behavior of f(z) as x— depends
only on the behavior of the boundary of S in the neighborhood of infinity,
it is no loss of generality for us to assume, as we do, min ¢, (x) >max [ —¢_(u) ]
for all » for which these functions are defined. As u—  we have ¢, (u)/0(u)
—1, so in order to prove (3.1) it is sufficient to prove

. f@+x) — flxn) 2
lim =—
n—e ¢+[“(x»)] L
the function ¢, (%) has property B, by Theorem 1.4; the method already used
now applies without essential change, where ¢, (%) takes the role previously
taken by 6(u), and this completes the proof of Theorem 3.1.

A strip bounded by two loci v=¢, (%) and v=¢_(4) <¢(%) is called an
L-strip if each of these loci has an L-tangent at infinity.

When S is an L-strip, the real part of (3.1) is given by Warschawski [4,
(18.7)]. Indeed, for this case (3.1) can be readily proved by his methods.
If 21 =x1419y1, 22 =x2+17ys, x2>x1, we have

16 = 16 = [ 1o,

where the path of integration is a line segment. By [4, Theorem II] if
Iz_zll éMv

f@/f' (@) > 1 as 21— + o,
uniformly for ||, |y| £B<n/2. But by [4, Theorem X(ii)]
J'@) = (1/mofu(x)][1 + o()] as a1 — + =,
uniformly for | y1| <B. Combination of these relations yields

f(z2) — f(21) _ 29 —
0[u(x1)] ™

uniformly for |z1—z| <M, || <B. Equation (3.1) follows with z =x,
22 =%X+Xn.

21
+ o(1),
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Theorem 3.1 has applications to the further study of the behavior of the
mapping function.

THEOREM 3.2. With the hypothesis of Theorem 3.1 let 2, =xn-+1y, be a se-
quence of points of Z, such that x,—+ «, lim sup Iy,.l <w/2. Then we have

f "(2a) _ _1_
M) n—l?: 0[u(za) ] T x

fOz)
2) o 0[uza)] 0, r>1
3) lim arg f'(z,) = 0.

n— o

Equations (1) and (3) were proved by Warschawski [4, pp. 315, 288]
with the stronger hypothesis that S is an L-strip, but without our restrictions
¢_(u)/d.(u)—\ and that a segment #; <u <+ =, v=0 lie in S. He proves
(3) uniformly in | y| <w/2 without the restriction lim sup | y,.| <m/2.

We differentiate the two members of (3.1) and then set z=1y,; this set of
points is contained in a closed bounded subset of S, so we have

7] - 1
3.9 im _f_(zL =—-
n—o G[u(x,.)] T
Equation (3.1) yields
%(zn) — %(%n)
G[u(x,,)]
from which Theorem 1.2 and (3.9) yield (1). Equation (3) follows at once
from (1), and (2) follows from (3.1) by repeated differentiation.
We leave to the reader a proof similar to that of Theorem 3.2 which
establishes

— 0,

THEOREM 3.3. With the hypothesis of Theorem 3.1, let 2, =%n+1Yn, 21 =%
41y, be two sequences of points of Z, such that

Xn— + ©
Wwith lim SUPm.w |Xa—%d | <+, im SUPn.w |¥a| <7/2, lim supp.. |y |
<w/2. Then we have

W ol T R

If lima .o y.=8, |B] <7/2, then
9(z,) 114+X 8

lim —__
— Olu(z)] 2 1—2A + T

[u(z,.) —w(sd)  wn— "»'] —0;

)
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Part (1) is proved by Warschawski [4, p. 324] and part (2) also by
Warschawski [4, p. 315]; he supposes that S is an L-strip and proves (2) uni-
formly for |8| <w/2, without some of our restrictions.

4. Some extensions. We proceed to prove an extension of Theorem 3.1:

THEOREM 4.1. Theorem 3.1 remains valid if we replace lim ¢_(u)/d.(u)
=X\ by the condition

0<as |¢-(w)/psw)] Sb<+ o
and require that both ¢(u) and ¢_(u) have property B.

It follows here by Theorem 1.6 that 8(u) =¢, (4) —¢_(u) has property B*
For each u sufficiently large, we have min 6(%) > max ¢, (%). Indeed, in the
equation

min 6(u) _ min ¢,(%) min [—¢_(u)]

max ¢4(4) max ¢y()  max by(u)

the first term of the second member approaches unity as » becomes infinite
and the second term is not less than a(>0) for all u. As in the proof of
Theorem 3.1 we assume min 6(x) >max ¢, (%), min 0(x) > —min ¢_(u) for all
u, which involves no essential loss of generality.

We proceed to prove Theorem 4.1 in several steps, by successive special-
izations of the region S.

LEMMA 1. Theorem 4.1 is true if ¢ (u)=m/2.

The function 8(x) =7/2—¢_(u) has property B, by Theorem 1.6. Then
we can apply Theorem 2.1 to the function w' =u'+41v’" =g(2'), 2’ =«'41y’,
which maps the strip |y’ l <7 onto the symmetric strip of the w’-plane whose
boundary consists of the loci v/ = +6(%'). Lemma 1 follows by combining the
transformations w’ =g(g’), W' =w—in/2, 2’ =z—1iw/2.

LEMMA 2. With the hypothesis of Theorem 2.1 let v, be a curve in S defined
for wy <u <+ « by the equation v=o(u), and suppose a(u) to have property B.
Suppose lim infu.in |o(u)/8(u)| >0 and lim supu.. |o(x)/0(w)| <1/2, with
0(u) =2¢(u). Let T, be the image in the z-plane of v, under the mapping w=[(2),
represented by y=y.(x). Then y.(x) has property B at x=+ .

It follows from Theorem 2.3 that the ordinates of I', are in absolute
value bounded from zero and /2, hence follows from (2.1) that we have

Our hypothesis on lim inf [a(u) /G(u)l now yields
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y«(x) o(w) _
o(n)

Let I, be the interval | X ‘ <X, where X is arbitrary. Set x’ = Xv,(x) +x,
u' =u[x'+iy,(x')]. By the method of proof of (4.1) we have

4.1)

y,,(x ) oW )
0(u’ )

4.2)

uniformly for X in I,. By virtue of (4.1) and (4.2) it is now sufficient for the
proof of the lemma to show
o (u) . 0(u)

®-9 e T e T

uniformly for X in I,.
By Theorem 2.2 we have

— X n
(4.4) lim [“ 2 (x)] —o.
n—ow 0(u) ™
Since X is in I, and | y,(x)| <m/2, we conclude by Theorem 1.1
0(u)
lim ,
z—r0 O(u’)

the second part of (4.3). Equation (4.4) suggests the form

0(u)
a(u)

since M(x) is uniformly bounded and lim inf |a(u) /0(u)| >0, and since o (%)
has property B at + « the first part of (4.3) follows. Lemma 2 is established.

w = M(x) o(u) + u;

LEMMA 3. With the hypothesis of Lemma 1 let x,, be any sequence of real points
With liMa. X =+ . Then with the notation Y(u)= [¢p_(u) —r/2]/2 we have

lim v(%,) — \b[u(xn)] = 0.

n—w 0[u(z,)]

This lemma follows in a manner analogous to the derivation of (3.6).

LeMMA 4. If ¢..(u) and ¢_(u) satisfy the hypothesis of Theorem 4.1 and also
the inequalities 0 <a, S, (u) Ca2<m/2, a1 < —p_(u) Las for uy <u <+ o, and
of liMy 4o 0(%) =7/2, then the conclusion of Theorem 4.1 is valid.

Let S’ be the strip of the w-plane bounded by the two loci v=¢_(%),
v=m/2, yy<u<+ o, and let w=g({), { =£+4in map the strip S;: Inl <m/2
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onto S’ so that w=+4 x corresponds to { =4 ». Let n=7,(¢) denote the
image of the curve v=¢, (%) under the inverse of the mapping w=g({); from
Lemmas 1 and 3 with the notation y,(x) =7/2—¢_[u(£) ], we have

i [¢+[u<s)] a2+ ¢-lu@®] n+($)] _o,

4.5 e+ L Yo(%) 2 Vo(%) .
5 [¢+ [«(8)] 2n+(s)]
im — = 0.
ot Yo(u) T

From the inequality ¢ [u(¢)]=a;>0 it follows by the method of proof of
Lemma 2 that 9.(£) has property B.

Let { =h(z) map S; onto the strip of the {-plane bounded by 7. (£) and
n=—m/2, by the composition g(¢)=g[h(z)]=f(2). For any sequence of real
points x,, x,—+ «, we have from Lemma 1

(4.6) lim 2+ #) = bm)
now /2 + 0y [E(2a)]

throughout S,, uniformly on any closed bounded subset of S.. Likewise for
any sequence of real points &,, £&,— ©, we have

wn R O (IR S
™

Londd Yo [M(En)]
throughout S;, uniformly on any closed bounded subset of .S;.
With the notation {»=h(xs) =£n+11s, o =h(z+x.) =4 +in4, we have

from (4.6) applied to { =Fk(z) the relation lim supn.e IE,.' —-£,.| < =, whence
from (4.7)

Z
T

(4.8) lim

n— o

- =0,
[ \00 [u(sn)] s ]

g(g.n) - g(sn) a
| lim | 887 8&) =0,
4.9) u_lﬂ[ Yolu(tn) ] T ]
- Ted) — g(6) in»']
4.10 b\ = et .=
(4.10) 1’.“[ Volu(td)] 4

Theorem 1.2 enables us to replace ¥o[u(£/)] in (4.10) by ¥o[u(%.)], so by
(4.8), (4.9), (4.10) we obtain

gta) — g(8a)  §n — &n
- = 0.
\bG[M(EA)] ™ ]

Again by Theorem 1.2 we can here replace Yo[#(£s) ] by Yo[#(¢») ]. Thus from

(4.11) liml:

n—wo
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(4.11), (4.5), and (4.6) with 0(u)—w/2 we have
lim [f(z + x.) — f(%)] = 2/2

throughout S,, and the uniformity on any closed bounded subset of S, fol-
lows readily. This completes the proof of Lemma 4.

We are now in a position to complete the proof of Theorem 4.1. Let S’ be
the symmetric strip in the w-plane whose boundary is the loci v= 4-0(u),
# <u <+ «. It follows from Theorem 1.6 that 6(x) has property B. We use
the notation w=g({), {=£-+14in for the function which maps S;: Inl <w/2
onto S’ such that £=+ » corresponds to u=+4 «. If £, is any sequence of
real points with £,— -+ © as n— », we have from Theorem 2.1

[g(; + &) — g(s,.)] _x
0[u(tn) ]

throughout S;, uniformly on any closed bounded subset of S;.

By Lemma 2 the images of v=¢_(«) and v=¢., (%) under the inverse of
the mapping w=g({) are curves 7 =7_(£¢) and 5 =7,(£) which have property
B. Moreover both of the latter curves satisfy the additional hypothesis of
Lemma 4. For each £ we set { =£+in.(§), {—-=E+19_(£), whence

lim [¢+[u(§'+)] _ 2ﬂ+(€)] —o
ot

(4.12) lim

n—wo

™

4.13) olu(®)] T
i [¢—[u(?_)] _ 2n-(£)] _o
t~+o L 0[u(®)] w
From (4.12) it is readily shown that
. u(fy) —w(®)]
(4.14) S [ 8[(u(®)] ] -0

whence by Theorem 1.1

(4.15) lim [

e el

¢+ [u(s)] — ¢—[u(s“-)l:| 1
olu(®)] '
Equations (4.15) and (4.13) yield

(4.16) EEIf.o [14(8) — 2-(®)] = =/2.

We now define the mapping { =k(2) by the equations g(¢) =g[k(z) | =£(2).
If x, is any sequence of real points of S, with x,—+ ® as #— », we have by
(4.16) and Lemma 4

(4.17) lim [A(z + x.) — h(xn)] = 2/2

fn—w
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throughout .S,, uniformly on any closed bounded subset of S,. By combining
(4.12) and (4.17) as in the proof of Lemma 4 we have (3.1) throughout S,
uniformly on any closed bounded subset of S,, which establishes Theorem 4.1.

It is apparent that Theorems 3.2 and 3.3, proved from Theorem 3.1, have
analogues similarly proved from Theorem 4.1:

THEOREM 4.2. With the hypothesis of Theorem 4.1 let z,=x,-+1y, be a
sequence of points of S, with x,—+ o, lim supn.e |y,.] <w/2. Then we have

fG@) 1
W e 0[] T
O I
(2) '}Ln: O[u(zn)] - Oy v = 2’ 3’ ’
3) lim arg f'(z.) = O.

n—wo

TueorREM 4.3. With the hypothesis of Theorem 4.1 let 2, = Xn + 1yn,
27 =X +1y. be two sequences of points of S, with x,—+ ©, x; =+ =,
lim sup |x,—x | <, lim sup |ya| <7/2, lim sup |94 | <w/2. Then

. u(zﬂ,) - u(zn) xn, — %n _
M ,}Ln:[ 0[u(zn)] - ™ ] =0

If lim,., y.=B, | 8| <7/2, then
» L o) ) B
n—®© 0 [u(z,.) ] ™

Parts (1) and (3) of Theorem 4.2 were obtained by Warschawski [4, pp.
315, 288] for the case that S is an L-strip but without our restriction on
[¢>_(u) /d>+(u)| . Warschawski does not assume lim sup |yn| <w/2 nor that S
contains the segment % >u;, v=0. Likewise part (1) of Theorem 4.3 was ob-
tained by Warschawski [4, p. 324] when S is an L-strip without our restric-
tion on lim sup | y.| and lim sup |y |. Part (2) of Theorem 4.3 was obtained
by Warschawski for L-strips [4, (17.10)].

From Theorems 4.2 and 4.3 we shall obtain also

THEOREM 4.4. With the hypothesis of Theorem 4.3 we have
(1) lim 6[u(z,) ]/0[u(zd)] = 1,

n— oo

@) lim //(z0)/f'(24) = 1.
n— o
Part (1) is a consequence of part (1) of Theorem 4.3 and Theorem 1.2;
part (2) is a consequence of part (1) ard part (1) of Theorem 4.2. War-
schawski [4, p. 288] proved part (2) for an L-strip.
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5. A further extension. Thus far we have envisaged only strips S con-
taining an infinite segment %, <u <+ « of the axis of reals. We now remove
that restriction.

THEOREM 5.1. Let S be a strip in the plane of w=u-+1iv whose boundary con-
sists of the two loci v=¢,(u), v=¢_(u), — o0 <ur<u<-+ o, where ¢.(u) is
positive and has property B. Let w=f(z), z=x+1y, map the strip S,: | y| <w/2
onto S such that u(z)—+ «© when x—+ . If x, is any sequence of real points
With Xa—~+ 0, and if limy ., ¢_(#) /P4 (u) =N, 0SSN, then

f(z + xa) — f(%n) i

$-1) ,}gﬂ 0[u(x,)] -

for z in S., uniformly on any closed bounded subset of S,, where 0(u)=c¢,(u)
—¢_(u).

We shall not give a detailed proof, for the technique is essentially the
same as that used in the proof of Theorem 3.1. Analogous supplementary
conditions are imposed, such as ¢, (u) = |¢_(u)[ for u; <u <+ «. The proof
is based on the ability to replace .S by a symmetric region containing S to
which we can apply the results of the previous sections.

Let w=g({), { =&+, map the strip S;: I n[ <w/2 onto the strip .S” whose
boundary consists of the two loci v=+¢,(u), uy<u<-+ . Theorem 2.1
applies to the mapping function g(¢). By Theorem 2.3 and Theorem 1.6/the
image of S under the inverse of the mapping w=g({) is a region in the
{-plane, which is transformed by the vertical translation {’=¢— (1+\)mi/4
into a region satisfying the hypothesis of Theorem 3.1. The composite map-
ping can then be treated by the methods already used, and the theorem fol-
lows.

Applications of Theorem 5.1 analogous to those of Theorem 3.1 are

THEOREM 5.2. With the hypothesis of Theorem 5.1 let 2, =x,-+1y, be a se-
quence of points of S. such that x,—+ © and lim sup,., ]y,.| <w/2. Then we
have

f/(zn) _ _1_
M ,,Eg 0[u(za) ] Cor

9 (2,)
2 : — y = ..
(2) ing o] 0, 2,3, ,
3) lim arg f'(z,) = 0.

n—roo

THEOREM 5.3. With the hypothesis of Theorem 5.1, let z,=x,+1iy, and
2, =%i +1iyd be two sequences of points of S, with x,—+ o, x/—+ o,
lim sup |x,—2x!| <+, lim supn.., |y»| <7/2, lim sup |y | </2. Then
we have
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— ’ — !
1) lim [“(z") ule) _ & x] - o0;
n—w 0|%(25) | T
if liMa.y ya=B, |B| <7/2, then

o om) 114X 8
) ] 2 1= a

The relation of Theorem 3.1 to Theorem 4.1 corresponds to the relation
of Theorem 5.1 to

THEOREM 5.4. The conclusion of Theorem 5.1 is valid if ¢_(u) has property
B and the condition lim, ., ¢_(u)/d(u) =\ is replaced by

0<a = |o-(w)/ps(w)| < ar < 1.
Analogues of Theorems 5.2 and 5.3 are

THEOREM 5.5. With the hypothesis of Theorem 5.4, let 2.=xn,-+1iy. be a
sequence of points of S, such that x,— «, lim sup |y,.| <w/2. Then the conclu-
ston of Theorem 4.2 is valid.

THEOREM 5.6. If S satisfies the conditions of Theorem 5.4 rather than those
of Theorem 4.1, the conclusions of Theorems 4.3 and 4.4 are valid.

Our previous references to Warschawski apply also to the present section.

6. Zero angles at a finite point. We consider in this section the analogues
of our previous results, but where the significant boundary points are finite
rather than at infinity. We choose rather to apply our previous results than
the methods used to prove them, but this choice is merely a matter of con-
venience.

A function ¢(u) defined in the interval u;<u =1 (— » 24, <1) is said
to have property B at u=1 if ¢(u)—0 as u—1- and if uniformly in any interval
I: | U| £ U we have

6.1) lim PLU#0 0l
w=1- d(u)

We do not require that ¢(«) be single valued, but do require that (6.1) hold
for any choice of values of ¢(u).

It is obvious that only a slight modification of the proofs of §1 yields re-
sults on functions having property B at # =1 analogous to those of §1. For
instance we have ¢(u)/(1 —%)—0 as u—1. It is perhaps more important that
property B is invariant under inversion:

THEOREM 6.1. Suppose the function y=¢(x) has property B at x=1. Set
(6.2) z=1—u/(u+ 1%,y = v/(u® + v?).
Then the function v=h(u) defined by y=¢(x) and (6.2) has property B at
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u=+4 . Conversely, if v=3(u) has property B at u=-+ «, then the function
y=H(x) defined by v=(u) and (6.2) has property B at x=1.

We omit the proof of Theorem 6.1, which is relatively straightforward
and depends on the results of §1 and their analogues.
An immediate consequence of Theorems 6.1 and 3.1 is

THEOREM 6.2. Let w=f(z) with w=u-+t1v, s=x-+1y map the half plane
R,: x <1 onto the simply connected region R of the w-plane which contains the
interval 4, <u <1 but not the point at infinity, with f(1) =1. Suppose that the
boundary of R consists of two loci v=¢(u), v=¢_(u) for ua<u<l, that
¢ (#) >0 and ¢_(u) <0 for us<u <1, and that ¢ (u) has property B at u=1.
Suppose also limy.a—p_(u)/d(u) =\, — o <N=0. Then if 0<x,<1 is any
sequence of real points with lim, ., x,=1, we have

. f[(l — %.)z + xn] — f(xa) _
(6.3) jﬂ 0fu(x,)] B

1
— —log(1—13)
™

throughout R,, uniformly on any closed bounded subset of R,, where 0(u) =¢..(u)
—¢_(u).

Both for Theorem 6.2 and Theorem 6.6 below we assume min 6(x%)
> {max ¢,(u) —min ¢_(u)} for each u for which 6(x) is defined. This as-
sumption involves no essential loss of generality, as is indicated for property
B at =+ « instead of » =1~ in connection with Theorems 3.1 and 4.1.

An immediate consequence of Theorem 6.2 is

THEOREM 6.3. With the hypothesis of Theorem 6.2 let z, and 3. be two se-
quences of points of R, such that z2,—1 and 2] —1 “in angle,” namely so that
lim supa.. |arg (1—2z.)| <7/2, lim sups.., |arg (1—2/)| <w/2, and also so
that we have 0<c1 = ] (l—z,.)/(l—z,.’)l =ce<x. Then we have

(1) lim + /@) _
nswo 1 — f(z7)
f(@E)(1 — 2,)
im —~— ™™ o
noe f(z0 ) (1 — 24)

Since 2,=x.+1y,—1 in angle, the set of points iy,/(1 —x,) is contained
in a closed bounded subset of R,. By (6.3) we obtain

lim [f(z,.) — 1(2a) + 1 i 1 - z,.] 0
n—w O[u(x,.)] ™ g 1-— Xn
the analogue of Theorem 1.3 is ¢(x)/(1 —u)—0, from which we have

MO
now 1 _f(xn)

@
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In a similar manner we have

lim )
e 1 — f(a))
From the last part of the hypothesis it follows that the sequence
(%0 — xa)/(1 — xn)
lies in a closed bounded subset of R,; thus we write
[f(xn') — () il 1 - x,f]
8[u(n)] ™ o l-a
L)

m ———— =
nme 1= f(2d)

m

n—w

Part (1) now follows immediately. To obtain part (2) we differentiate (6.3)
and obtain
1 —z)A—2f [ — 2)z+ 2] 1

(6.4) Jim 8[u(xn) ] T

uniformly on any closed bounded subset of R.. By the method used in part

(1) and from the relation 8[u(z,)]/8[u(2 ) ]—1 we deduce part (2) from (6.4).
Ostrowski [5, p. 176] proved part (1) of Theorem 6.3 with the weaker

hypothesis that the boundary of R forms a zero angle at the accessible point

w=1. He proved part (2) without the “in angle” restriction provided the

boundary curves have an L-tangent at w=1, and under those conditions

showed that the “in angle” restriction can be removed from part (1).
Similar methods can be used to establish

THEOREM 6.4. With the hypothesis of Theorem 6.2 let z, be a sequence of
points of R, such that z,—1 in angle. Then we have

1 lim [arg f'(z.) + arg (1 — z.)] =0,
®) fim ing 128 1G]

n—ro log[l—z,.l=

[Nt —2) = D!

-1,

3 1. - 11 21 ’
) nl—I»g 0[u(z)] T ’
FO(za)(1 — 2a)¥
@ lim LA =) b= 12
no® 1_f(zn)
D (2 V(1 — 2,)
(s) fim L Z ) y=0,1,---

noo f'(2a)
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Ostrowski proved parts (1), (2) [5, p. 184] and (5) [5, p. 130] for the case
that the boundary of R has an L-tangent at w=1, without the “in angle”
assumption for part (1) and with equality for part (2). He also proved (4)
[5, p. 130] under the same assumptions as he used for part (1) of Theorem 6.3.

Theorem 6.5 is another immediate consequence of Theorem 6.2; the con-
clusion is an analogue for the zero angle case of the Lindelsf theorem on
proportionality of angles. Theorem 6.5 is stronger in conclusion but more re-
strictive in hypothesis than the corresponding result due to Warschawski
[4, p. 327].

THEOREM 6.5. With the hypothesis of Theorem 6.3 and the added conditions
arg (1—z.)—>a, |a| <7/2, arg (1—2!)—B, |B| <7/2, B=r(14+N\)/2(1=N),
we have

i arg [1 — f(z)]  2(1 = Na — x(1 +\)
m = .
ne arg [1 — f(z.)]  2(1 —N)B — w(1 + )

We can modify Theorem 6.2 by applying Theorem 4.1 instead of Theorem
3.1:

THEOREM 6.6. Theorem 6.2 remains true if the condition

lim ¢-(u) =2

u=1=¢ (1)

is replaced by the inequalities 0 <a <|¢_(u) /b+(u)| Sb< © and the condition
that ¢_(u) and ¢, (u) have property B at u=1.

Theorems 6.3 and 6.4 likewise can be modified by replacing Theorem 6.2
by Theorem 6.6 in the hypothesis of each.

Theorem 5.1 has an analogue, which we proceed to formulate.

We say that a simply connected region R of the w-plane is admissible if
either of the following sets of conditions is satisfied:

(1) the boundary of R consists of the two loci v=¢,(u), v=0¢_(u),
—oo Sy <u<l.

(2) the function ¢ (%) is positive u; <u <1.

(3) ¢+(u) has property B at u=1.

(4) limy.1—p_(u)/d4+(u) =N (0SA<1).

(3') ¢—(u) and ¢, (u) have property B at u=1.

(4) lim inf,.1—¢_(u) /@ (u) >0, lim sup,.i—¢_(u) /¢, (u) <1.

Use of 6.1 in conjunction with Theorems 5.1 and 5.4 yields

THEOREM 6.7. Let w=f(2) map the half plane R,: x <1 onto the admissible
region R such that 3—1 implies f(2)—1. Then if x. is any sequence of real points
with 0<x,<1, x,—1, we have
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. f[(l — %)z + xn] — f(xa)
lim =
nse 8u(x.)]
throughout R,, uniformly on any closed bounded subset of R,, where 0(u) =¢, (u)
—¢_(u).

THEOREM 6.8. With the hypothesis of Theorem 6.7 let 2, 24 be two sequences
of points of R, with z,—1 and 2, —1 in angle, and 0<c: = | (1-2z,)/Q1 —z,.’)[
<c< . Then we have

1
— —log (1 — 32)
m

(1) lim 1—JG) 1,
noo 1 — f(z7)
@) lim @) (1 —2) )

nma f(@ (1 — 30)

THEOREM 6.9. With the hypothesis of Theorem 6.7 let 2, be a sequence of
points of R, such that z,—1 in angle. Then we have (1), (2), (3), (4), (5) of
Theorem 6.4.

7. Conditions for convergence to kernel. We have based the previous
discussion (§§1-5) on condition (1.1) rather than on the condition

(7.1) lim w =1
Un— o ¢(un)

uniformly for U in every interval I; this is of course merely a matter of
choice, corresponding to the limit of the continuous variable u rather than
the limit of a sequence %,. Condition (7.1) might be termed property B with
respect to a particular sequence u,; it is obviously the more discriminating con-
dition, and can be made fundamental in our treatment instead of (1.1).
Results thus obtained are wholly analogous to those already formulated in
detail.

As an illustration here (compare [1]), let the strip .S consist of the circles
|w—n| <1/4 (n=0, 1, 2, - - ) joined by horizontal canals of respective
widths 1/8, 1/16, - - -, constant for each canal, the entire strip S being
symmetric in the x-axis. If the points %, in (7.1) are chosen as the midpoints
of the canals, the kernel of the regions S, (notation of §2) consists of the strip
| V| <1; here (2.1) is valid, where u,=f(x.). If the points u, in (7.1) are
chosen as the points #=0, 1, 2, - - -, ¢(ua) =1/4, the kernel of the regions
S. consists of the circle | W| <1; here the second member of (2.1) is to be re-
placed by the function which maps Z onto | W| <1 with z=0 corresponding
to W=0 and with directions at those points invariant.

Neither (1.1) nor (7.1) implies the existence of an L-tangent; indeed, given
a smooth curve v =¢(%) >0 with an L-tangent we may modify ¢(«) by placing
a countable infinity of small vertical cuts extending downward from the curve
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at the abscissas =1, 2, - - -, or at the points u, if the latter are given. The
length of each cut divided by the original ordinate at the same abscissa
shall approach zero as the (variable) abscissa becomes infinite. Then the new
ordinate ¢;(#) has property B; the new ordinate is in part multiple valued,
and the locus v=¢,(%) does not possess an L-tangent. The existence of an
L-tangent is frequently required by Ostrowski and Warschawski.

In the special case that ¢(#) or ¢(u.) is bounded and bounded from zero,
(1.1) and (7.1) can be written in the respective forms

(7.2) 6[U + u] — ¢(u) =0,
(7.3) o[U + 4] — ¢(ua) — 0,

uniformly for U in every interval I. It is thus clear by the mean value theorem
that if ¢'(u) exists for every % and approaches zero as u— «, these conditions
(7.2) and (7.3) are satisfied. The condition that ¢’(«) exists and approaches
zero of course implies that S has an horizontal L-tangent at infinity. Under
these circumstances the regions S, (we assume for simplicity .S to be sym-
metric in the u-axis) converge to a kernel which is an infinite strip bounded
by two lines parallel to and equidistant from the U-axis; equation (2.1) can
be written in the form
lim [z + ) = (&) /8 [u(2)] = Nz,

where the constant A is suitably chosen.

However, compare Madame Lelong-Ferrand [3, §13], it is not sufficient for
this conclusion that (71.3) hold nonuniformly with respect to U in I, as we indi-
cate by a counter-example.

We denote by ¢ () the continuous even function which takes the values
0, 1—1/k, 0, 0, in the respective points u=4+1, u=+(141/2k),
w=+(141/k), + », and which is linear in the successive intervals of
— o <u <+« bounded by these points. We note the relation ¥i(x)—0 as
k— » for every u. We now define

o) =1 — 3 ¢ulu — 24);
k=1
of course this infinite series contains for each % at most one nonzero term.
The graph of the function ¢(«) is the profile of a saw of infinite length whose
teeth become sharper and approach unity in height as the distance from the
origin becomes infinite. We set here %, =2", whence

Bt + U) = o) = 2" — 29 = 3 g + 20 — 260),
k=1 k=1

so that (7.1) and (7.3) are satisfied for every U but not uniformly for U in
every interval I. We have ¢(u.) =1, and if the region S is bounded by the loci
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v= +¢(u), the regions S, (notation of §2) converge to a kernel which con-
sists of the square | U| <1, | V| <1. Equation (2.1) is not valid but becomes
valid if the second member of (2.1) is replaced by the function which maps
Z onto this kernel so that the origins correspond to each other and directions
at the origins are invariant.

Condition (7.1) holding uniformly is sufficient but not necessary that the
regions S. converge to the kernel | V| <1, and hence that (2.1) be valid; this is
shown by the counter-example of a region S bounded by the loci v= +¢(u),

(7.4 o) = 1+ 3 valu — 2541,

k=1
where ¥, is defined above; we have (Uy>1)
lim {max [¢(U + u.), | U| < U,]} = 2.

Nevertheless a necessary condition that regions S, found as in §2 from a re-
gion S bounded by v= +¢(u) converge to the kernel | V| <1 is for every
Uo(>0)
min {¢[U¢(u.) + u.), | U| = Uo}
lim =1;

Up—® ¢(un)

for n sufficiently large all the S, must contain the region | V| <138, | U| < U,
where 6(>0) is arbitrary; for » sufficiently large all the S, can contain no
region | V| <1438, | U| <Us, $>0. This necessary condition combined with
the condition

o oUp(un) + ua]
Iim —m8M8 =1
Un—re ¢(un)

for a set of values U everywhere dense on — o < U< + « is sufficient that
the regions S, found from a region .S bounded by v = +¢(u) converge to the
kernel | V| <1.

A necessary and sufficient condition for (2.1), if S is a region bounded by
v= +¢(u), is that the regions S, converge to the kernel | V| <1. Of course,
condition (7.3) without uniformity is not necessary for the .S, to converge to
the kernel | Vl <1 in the case ¢(u,)—1, as is shown by the counter-example
(7.4).

Condition (7.1) is readily expressed in terms of a mean value of ¢’(u),
provided ¢’(ux) exists and ¢(#) can be expressed as an indefinite integral of
¢’ (u). We have

¢[U¢(un) + un] - ¢>(u,.) 1 untU ¢ (un)
= 4 d ,
o (1) o(en) f ¢/ (u)du
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so the condition

1 untU¢ (un)

7.5 lim
.3 n—w G(Un) J o,

uniformly for U in every I is sufficient for (7.1). Of course (7.5) is satisfied
if the mean value relation

¢’ (uw)du = 0

1 un+U ¢ (un)
lim ——f ¢'(w)du =0
Up(tn) Ju,

n—oo

is satisfied uniformly for U in every I.
Madame Lelong-Ferrand points out that if f=[¢’(#)]du exists, we may
write

unt+l
(o +1) = o)t <1 [ o/ i

this last member approaches zero uniformly for bounded / as #,— «, so (7.3)
is satisfied uniformly for U in I. If in addition lim inf ¢(%,) >0, condition
(7.1) is satisfied uniformly for U in I.
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